


















$\mathcal{A}_{11}^{1ev}$ 2 Sp $($ 2, $\mathbb{Z})\subset GL_{4}(\mathbb{Z})$
$K(11)^{1ev}:=\{\gamma\in Sp(2, \mathbb{Z})|\gamma-1_{4}\in(\begin{array}{llll}\mathbb{Z} \mathbb{Z} \mathbb{Z} 11\mathbb{Z}11\mathbb{Z} 11\mathbb{Z} 11\mathbb{Z} 11^{2}\mathbb{Z}\mathbb{Z} \mathbb{Z} \mathbb{Z} 11\mathbb{Z}\mathbb{Z} \mathbb{Z} \mathbb{Z} l1\mathbb{Z}\end{array})\}$
$\mathcal{A}_{11}^{1ev}$ 3 $K(11)$ lev








$\mathcal{A}_{11}^{1ev}arrow X\subset \mathbb{P}^{4}$ ,
$X:x_{0}^{2}x_{1}+x_{1}^{2}x_{2}+x_{2}^{2}x_{3}+x_{3}^{2}x_{4}+x_{4}^{2}x_{0}=0$ .
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$X$ 3 $L$ 10
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THEOREM 1.1. (Okazaki-Y) $\ell$ newform $f\in S_{2}(\Gamma_{0}(11^{2})$ $\mathbb{Q}(\sqrt{-11})$ $CM$
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$\mathcal{A}$ $f\otimes\chi^{i},$ $i\in\{0,1,2,3,4\}$





(weak endoscopic lift)3 ( $\Pi_{i}$ $L$
$\mathcal{A}$ $L$ ) $X$ $L$ 10












Soudry CAP [17] $L$ Hodge Soudry CAP
CAP
$\Pi_{i}$
$\mu$ $f$ Hecke $g\in S_{4}(\Gamma_{0}(11^{2}))$ $\mu^{3}$ 4 newform
THEOREM 1.2. (Okazaki-Y) GSp(2, A) $\Pi_{i},$ $0\leq i\leq 4$
:
(i) $\Pi_{i}$ globally generic $(\Pi_{i})_{\infty}$ $K(11)^{1ev}$
$(3, -1)$ $\mathcal{A}_{11}^{1ev}$ (2,1)
(ii) $\Pi_{i}$ $L$ $L(\pi_{f}\otimes\chi^{i}, s)L(\pi_{g}\otimes\chi^{i}, s)$
$\Pi_{i}$ ( ) $\Pi=\Pi_{i}$
[8] [14] $\Pi$
GL(2, A) $\pi_{1},$ $\pi_{2}$ Schwartz $\Phi$
: $\Pi=\theta_{\Phi}(\pi_{1}, \pi_{2})$ . $\pi_{1}$ $\pi_{f}$
2[11]






$\pi_{2}$ Schwartz $\Phi$ $\theta_{\Phi}(\pi_{1}, \pi_{2})$
$\pi_{2}=\pi_{g}$










$H_{et,!}^{3}(\mathcal{A}_{11}^{1ev_{\Phi}}, \mathbb{Q}_{\ell}):={\rm Im}(H_{et,\text{ }}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})arrow H_{et}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, Qe))$
$L$ 3 transfer
$H_{et,c}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})arrow^{\sim}H_{et,\text{ }}^{3}(V_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})^{G}arrow H_{et,c}^{3}(V_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})$
$H_{et,!}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})$
$H_{et,!}^{3}(V_{\overline{\mathbb{Q}}}, \mathbb{Q}_{l})$ Gal $(\overline{\mathbb{Q}}/\mathbb{Q})$ $V$ [2] Corollaire (3.3.6) $H_{et,!}^{3}(V_{\overline{\mathbb{Q}}}, \mathbb{Q}_{l})$
3 $H_{et,!}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})$
THEOREM 1.3. (Okazaki-Y) $i\in\{0,1,2,3,4\}$ 12 $\Pi_{i}$
$L$ $\mathcal{A}$ $L$ $L(\Pi_{i}, s)=L(\pi_{f}\otimes\chi^{i}, s)L(\pi_{g}\otimes\chi^{i}, s)$
$L(\pi_{g}\otimes\chi^{i}, s)$ $H_{et,!}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})$ $L$
REMARK 1.4. $(i) \prod_{i=0}^{4}L(\pi_{f}\otimes\chi^{i}, s)$ $H_{et,!}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})$ $L$
$\mathbb{Z}$ $H_{!}^{3}(\mathcal{A}_{11}^{1ev}, \mathbb{Z})$
(ii) $H_{et,!}^{3}(\mathcal{A}_{11\overline{\mathbb{Q}}}^{1ev}, \mathbb{Q}_{\ell})$ $\mathcal{A}$
$\prod_{i=0}^{4}L(\pi_{f}\otimes\chi^{i}, s)$
Laumon $\Pi$ GSp(2, A)





$S$ 3 $\mathbb{Q}$ $\gamma\subset S\cross S$
$\mathbb{Q}$ $S$ (de
Rham, etale...) Hodge ( )
:
$h^{3,0}(Gr_{3}^{W}\gamma^{*}H_{dR}^{3}(S))=0,$ $h^{2,1}(Gr_{3}^{W}\gamma^{*}H_{dR}^{3}(S))=1$ .
$\Pi$ $Gr_{3}^{W}\gamma^{*}H_{dR}^{3}(S)$ Hodge type (2,1)
$\Pi$ 1 (weakly equivalent) 4
Weissauer [18] Theorem III) Schmidt [16] $\Pi_{\infty}$ non-generic,
$\Pi$ 2 $h$ Saito-Kurokawa $\Pi_{\infty}$ generic
2, 4 $(f, g)$
CONJECTURE 1.5.
$L(s, Gr_{3}^{W}\gamma^{*}H_{et}^{3}(S_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell}))=\{\begin{array}{l}L(h, s-1),L(f, s-1),\end{array}$
$\Pi$ $h$ Saito-Kurokaiva
$\Pi$ $(f, g)$
2. Klein’s cubic threefold and its L-function.
Klein 3 $X$ : $x_{0}^{2}x_{1}+x_{1}^{2}x_{2}+x_{2}^{2}x_{3}+x_{3}^{2}x_{4}+x_{4}^{2}x_{0}=0$ $L$
$X$ $p=11$ $L(H_{et}^{3}(X_{\overline{\mathbb{Q}}}, \mathbb{Q}_{p}), s)$
(1) $X$ Fano 3
(2)GL2




$X$ $L$ $A$ :
$L(H_{et}^{3}(X_{\Phi}, \mathbb{Q}_{\ell}), s)=L(H_{et}^{1}(A_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell}), s-1)$
$X$ $[x0:x_{1}:x_{2}:x_{3}:x_{4}]\mapsto[x_{1}:x_{2}:x_{3}:x_{4}:x_{0}]$ 5
$\alpha$ de Rham (cf. [5]) $H_{dR}^{3}(X)$ $(\mathbb{Q}(\zeta_{5})$
) [3] $E$ 1 2
CM $\mathbb{Q}$ CM de Rham
$\mathbb{Q}$
$B=A/(1-\alpha^{*})A$
1 $A\sim E^{5}\mathbb{C}$ Adler Ramanan[1]
$B=E/\mathbb{Q}$ $\mathbb{Q}$ $A$









$B$‘ GL2 (cf. [13]). GL2
$(cf. [7]+[13])$ 2 elliptic newformh $= \sum_{n\geq 1}a_{n}(h)q^{n}$
$\mathbb{Q}(a_{n}(h)|n\geq 1)=L$ $A\sim E^{5}\mathbb{C}$ $A$ 11
( ) $\psi$ : $G_{\mathbb{Q}}arrow \mathbb{C}^{\cross}$
$h=f\otimes\psi$
$f$ $E$ CM $L=\mathbb{Q}(a_{n}(h)|n\geq 1)=\mathbb{Q}(\psi)$
REMARK 2.1. 12 $\mathbb{Q}(\zeta_{5})$ $\mathbb{Q}$ GL2
4
3. construction of generic cuspforms.
12 i $\Pi_{i}$
1 CM $f\in S_{2}(\Gamma_{0}(11^{2}))$ gr\"oi3encharacter $\mu$
GL(2, A) $\pi_{1}=\pi(\mu)$ $\pi_{2}=\pi(\mu^{3})$ $\mu^{3}$ $S_{4}(\Gamma_{0}(11^{2}))$
CM newform $g$ gr\"o!3encharacter 2 $p=11$




). $\Pi_{v},$ $v\neq 11$ Hasse $B/\mathbb{Q}$ $\mathbb{Q}$
$B=M(2, \mathbb{Q})$ . $(\pi_{1}, \pi_{2})$ $K(11)$ lev
$p=11$ Schwarts
( )Whittaker
$k=\mathbb{Q},$ $\mathbb{Q}_{v}$ or A
$H(k)=$ GL $($ 2, $k)^{2}$
$H^{1}(k)=\{h=(h_{1}, h_{2})\in H(k)|\det(h_{1})=\det(h_{2})\}$
$H(k)$ $M(2, k)$ $\rho(h_{1}, h_{2})x=h_{1}^{-1}xh_{2}$ , $i_{\rho}$ : $H^{1}(k)/k^{\cross}\simeq$
SO$(M(2, k))$ $k^{\cross}$ SO$(M(2, k))$
$e_{1}=[00$ $\frac{1}{11,0}],$ $\alpha=[\frac{1}{11,0}$ $- \frac{1}{11}0]\in M(2, \mathbb{Q})$ .
2 $Z_{e_{1},\alpha}(A)\subset$ SO$(M(2, A))$




$\psi=\otimes_{v}\psi_{v}$ $fi,$ $f_{2}$ $\pi_{1},$ $\pi_{2}$
( ) $W_{1}=\otimes_{v}W_{1v},$ $W_{2}=\otimes_{v}W_{2v}$ $\psi$ $fi,$ $f_{2}$
( )Whittaker $r_{v}$ $\psi$ Sp $($ 2, $\mathbb{Q}_{v})\cross O(4, \mathbb{Q}_{v})$ Weil
$(\pi_{1}, \pi_{2})$ Sp(2, A)
$\theta(\varphi, f_{1}, f_{2})(g)=\int_{H^{1}(\mathbb{Q})\backslash H^{1}(A)_{x\in M(2,\mathbb{Q})^{2}}}$
$\sum$ $r(g, h)\varphi(x)f_{1}(h_{1})f_{2}(h_{2})dh_{1}dh_{2}$
$r=\otimes_{v}r_{v},$ $\varphi=\otimes_{v}\varphi_{v}$ $M(2, A)^{2}$ Schwartz-Bruhat
$dh_{i}$ Haar $\theta(\varphi, fi, f_{2})$ Whittaker $W(g),$ $g=(g_{v})_{v}\in$
$Sp(2, A)$ $W(g)=\otimes_{v}W_{v}(g_{v})$ Whittaker $W_{v}(g_{v})$
$W_{v}(g_{v})= \int_{Z_{\epsilon\alpha}(\mathbb{Q}_{v})\backslash H^{1}(\mathbb{Q}_{v})}r_{v}(g_{v}, h)\varphi_{v}(e_{1}, \alpha)W_{1v}(h_{1})W_{2v}(h_{2})dh_{1}dh_{2}1$
,
(3.1)
$W_{\infty}(1)\neq 0$ (Remark 3.2). $v\neq 11$
$\varphi_{v}$





$\pi_{1,p}=\pi_{2,p}$ $\psi_{p}$ $B(1)=1$ Whittaker $B$
$B(\{\begin{array}{ll}a 00 1\end{array}\})=\{$
lif $a\in \mathbb{Z}_{11}^{\cross}$ , (3.2)
$0$ otherwise.
$p=11$ Schwartz
$\varphi_{p}^{1ev}(x_{1}, x_{2})=Ch(\{\begin{array}{ll}\mathbb{Z}_{p} p^{-1}\mathbb{Z}_{p}p\mathbb{Z}_{p} \mathbb{Z}_{p}\end{array}\}\oplus[z_{p}$ $p^{-1}\mathbb{Z}_{p}^{x}p^{-1}\mathbb{Z}_{p}])$
Ch $k\in K(11)$ lev $(h_{1}, h_{2})\in\Gamma_{0}(p^{2})\cross\Gamma_{0}(p^{2})$
$r_{p}(k, i_{\rho}(h_{1}, h_{2}))\varphi_{p}^{1ev}=\varphi_{p}^{1ev}$ (3.3)
$\Gamma’=[p^{2}o$ $01]GL(2, \mathbb{Z}_{p})[p_{0}^{-2}$ $01]$
$=[p^{2}\mathbb{Z}_{p}\mathbb{Z}_{p}p_{\mathbb{Z}_{p}}^{-2}\mathbb{Z}_{p}]\cap$ GL$($2, $\mathbb{Q}_{p})\simeq$ GL$($ 2, $\mathbb{Z}_{p})$ .
$\Gamma’/\Gamma_{0}(p^{2})$ $W_{p}(1)\neq 0$
Schwartz $\chi=\otimes\chi_{v}$ : $\mathbb{Q}^{\cross}\backslash A^{\cross}arrow \mathbb{C}^{\cross}$
11, 5 $i\in\{0,1,2,3,4\}$
$\varphi_{p}^{1ev,\chi^{i}}(x_{1}, x_{2})=\chi^{-i}(\det(p^{2}x_{2}))Ch(\{\begin{array}{ll}\mathbb{Z}_{p} p^{-1}\mathbb{Z}_{p}p\mathbb{Z}_{p} \mathbb{Z}_{p}\end{array}\}\oplus[z_{p}$ $p^{-1}\mathbb{Z}_{p}^{\cross}p^{-1}\mathbb{Z}_{p}])$





THEOREM 3.1. (i) $i\in\{0,1,2,3,4\}$ globally generic Hecke eigen cuspforms $F_{\chi^{i}}$
(a) $F_{\chi^{i}}$ $K(11)$ lev
$(b)F_{\chi^{i}}$ highest weight $(3, -1)$
(ii) $L$ ( $\Pi_{\chi^{i}}$ , spin, $s$ ) $=L(s, \mu\cdot\chi^{i}oN_{K/\mathbb{Q}})L(s, \mu^{3}\cdot\chi^{i}oN_{K/\mathbb{Q}})$ $(p=11$ $L$
$)$
REMARK 3.2. $(\pi_{1}, \pi_{2})$ Schwartz $\varphi_{\infty}\in S(M(2, \mathbb{R})^{2})$
$P_{+}(x)=\prime R(x[-\sqrt{-1}-1 \sqrt{-1}-1]),$ $P_{-}(x)=$ Tr $(x[\sqrt{-1}-1 \sqrt{-1}1])$
$P_{\pm}(\rho(u_{t_{1}}, u_{t_{2}}x)=e^{-\sqrt{-1}(t_{2}\pm t_{1})}P_{\pm}(x),$ $u_{t_{i}}=\{\begin{array}{ll}cost_{i} sint_{i}-sint_{i} cost_{i}\end{array}\}\in$ SO $($ 2, $\mathbb{R}),$ $i=$
$1,2$ . $\varphi_{\infty_{j}}\in S(M(2, \mathbb{R})^{2})\otimes \mathbb{C}[s_{1}, s_{2}]$ :
$\varphi_{\infty}(x_{1}, x_{2})=\exp(-\pi(\sum_{i=1}^{2}a_{i}^{2}+b_{i}^{2}+c_{i}^{2}+d_{i}^{2}))P_{+}(s_{1}x_{1}+s_{2}x_{2})^{3}P_{-}(s_{2}x_{1}-s_{1}x_{2})$
$x_{i}=\{\begin{array}{ll}a_{i} b_{i}c_{\dot{\eta}} d_{i}\end{array}\}$ .
4. $X$ $\mathcal{A}_{1,11}^{1ev}$
$X$ $\mathcal{A}_{1,11}^{1ev}$ $L$
Let $\Gamma’=\Gamma(11^{2})\subset$ Sp $(2, \mathbb{Z})$ level 112 1
$K(11)^{1ev}$ $G=K(11)$ lev $/\Gamma’\simeq$ SL2 $(\mathbb{Z}/11\mathbb{Z})$ $G$
$H^{3}(K(11)^{1ev}, \mathbb{C})\simeq H^{3}(\Gamma’, \mathbb{C})^{G}$ $K(11)^{1ev}\backslash \mathbb{H}_{2}$ (resp. $\Gamma’\backslash \mathbb{H}_{2}$ ) $K(11)^{1ev}$ (resp.
$\Gamma’)$ Eilenberg-Mac Lane $H^{3}(K(11)^{1ev}, \mathbb{C})=H^{3}(\mathcal{A}_{1,11}^{1ev}, \mathbb{C})$ (resp. $H^{3}(\Gamma‘, \mathbb{C})=$
$H^{3}(V, \mathbb{C}),$ $V:=\Gamma’\backslash \mathbb{H}_{2})$ . $K(11)$ lev
$\tilde{V}$ $V$ $j$ : $Varrow\tilde{V}$
$H_{!}^{3}(V, \mathbb{C})$ $:={\rm Im}(H^{3}(\tilde{V}, \mathbb{C})arrow^{j^{*}}H^{3}(V, \mathbb{C}))$ [10] 7 $H_{cusp}^{3}(V, \mathbb{C})=H_{!}^{3}(V, \mathbb{C})$
$H^{3}(V, \mathbb{C})$ $H_{cusp}^{3}(V, \mathbb{C})$ $(\mathfrak{g}, K)-$
(cf. Section 2 in [10]). $H_{cusp}^{3}(\mathcal{A}_{1,11}^{1ev}, \mathbb{C})=H_{!}^{3}(V, \mathbb{C})^{G}$
$Gr$3 $H_{c}^{3}(\mathcal{A}_{1,11}^{1ev}, \mathbb{C})=H_{!}^{3}(V, \mathbb{C})^{G}$
Proof. ( 1.3 ) $H^{*}$ (resp. $H_{c}^{*}$ ) (resp.
) $X$ $\mathcal{A}_{1,11}^{1ev}$ $\mathbb{Q}$
$U/\mathbb{Q}$
. . . $arrow H_{c}^{3}(U_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})arrow H_{c}^{3}(X_{\mathbb{Q}}, \mathbb{Q}_{l})=H^{3}(X_{\overline{\mathbb{Q}}}, \mathbb{Q}_{p})arrow H_{c}^{3}((X\backslash U)_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})arrow\cdots$
. . . $arrow H_{c}^{3}(U_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})arrow H_{c}^{3}(\mathcal{A}_{1,11_{\overline{\mathbb{Q}}}}^{1ev}, \mathbb{Q}_{\ell})arrow H_{c}^{3}((\mathcal{A}_{1,11}^{1ev}\backslash U)_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})arrow\cdots$ .
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KLEIN 3
$H^{3}(X_{\overline{\mathbb{Q}}}, \mathbb{Q}\ell)$ $H_{c}^{3}(\mathcal{A}_{1,11_{\overline{\mathbb{Q}}}}^{1ev}, \mathbb{Q}\ell)$
$H_{c}^{3}((X\backslash U)_{\overline{\mathbb{Q}}}, \mathbb{Q}_{p})$ $H_{c}^{3}((\mathcal{A}_{1,11}^{1ev}\backslash U)_{\Phi}, \mathbb{Q}\ell)$
$X\backslash U$ $\mathcal{A}_{1,11}^{1ev}\backslash U$ $Z$ 1
$H^{3},$ $H_{c}^{3}$
$H_{c}^{3}((\mathcal{A}_{1,11}^{1ev}\backslash$
$U)_{\overline{\mathbb{Q}}},\mathbb{Q}_{\ell})\simeq H^{1}((\mathcal{A}_{1,11}^{1ev}\backslash U)_{\overline{\mathbb{Q}}}, \mathbb{Q}\ell)(-1)$
$p\neq\ell$ $Frob_{p}$
$H_{c}^{3}((\mathcal{A}_{1,11}^{1ev}\backslash U)_{\overline{\mathbb{Q}}}, \mathbb{Q}_{\ell})$ $p\alpha,$
$\alpha\in\overline{\mathbb{Z}}^{\cross}$ $X$ 3
$Rob_{p}$ $H^{3}(X_{\overline{\mathbb{Q}}}, \mathbb{Q}_{p})$ (cf. Proposition 2.5).
$Rob_{p}$ $H_{!}^{3}(\mathcal{A}_{1,11_{\overline{\mathbb{Q}}}}^{1ev}, \mathbb{Q}_{\ell})$ $P$ 3
L
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